Background: At high density deconfinement of hadronic matter may occur leading to quark matter. The immense densities reached in the inner core of massive neutron stars may be sufficient to facilitate the transition.
I. INTRODUCTION
It has long been thought that the densities reached inside the inner core of neutron stars may be sufficient to produce a phase transition from hadronic matter to deconfined quark matter forming hybrid stars. A transition to the chirally restored phase of QCD is also thought to occur at high density. It is unknown if these two transitions coincide and the form they may take. In understanding these transitions one would ideally like to use QCD directly, but this is currently too difficult. One typically resorts to using two phenomenological models which epitomise the key features of QCD in the two asymptotic regions of its phase diagram-one in the low density region modelling hadronic matter and the other modelling quark matter at intermediate to high density-and then construct a phase transition between the two. This means that the dissociation of hadrons does not occur naturally and is dependent on how we construct the transition.
Various models have been used to describe each phase and different constructions in characterising the process of deconfinement have been investigated, such as the Maxwell [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and Gibbs [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] constructions describing first order transitions, as well as interpolation/percolation constructions where the transition is taken to be of crossover type [23, [25] [26] [27] [28] [29] . The calculated properties of hybrid stars are considerably influenced by the choice of models and the type of construction used to describe the transition. In this work we will investigate transitions of the second or crossover type. This kind of transition was, for example, recently investigated by * daniel.whittenbury@adelaide.edu.au Masuda et al [26, 27] using several hadronic models and the three momentum regularised NJL model. They concluded that massive hybrid stars (M NS ∼ 2M ) could be produced using a percolation picture provided the quark matter EoS was stiff enough and the transition occurred at moderately low density (ρ ∼ 3ρ 0 ), thus providing a possible reconciliation of exotic degrees of freedom with the observations of Demorest et al. [30] and Antoniadis et al. [31] . We now examine this possibility using the Hartree-Fock QMC model [32] and both the proper-time and three momentum regularised versions of the NJL model.
In using these two models, quark degrees of freedom influence both regions, with the latter also exemplifying chiral symmetry breaking. With both models employing quark degrees of freedom it is hoped that they will be more reliable in the transition region. In this region, where hadrons and quarks are expected to coexist, it is likely that the quark substructure of hadrons would play an important role and their interaction with the external quarks strong. The QMC model has the advantage over models which employ point-like descriptions of hadrons by modelling the baryons as MIT bags. By incorporating the change of this internal structure in-medium it naturally incorporates many-body forces [33, 34] , which are in fact crucial for nuclear saturation.
Within the QMC model the in-medium changes of the baryon masses are calculated through the bag equations and then parametrised as functions of the scalar field as
(where the weightings w σB andw σB simply allow the use of a unique coupling to nucleons g σN ). Using this parametrisation and a corresponding density dependent coupling, we can solve for the equation of state in the same standard way as the Walecka model [35] , that is at the hadronic level. In this way the sub-structure of the baryons is entirely contained in the mass parametrisation. We use the parametrisation given in Ref. [36] , which includes the effects of one gluon exchange. The Nambu-Jona-Lasinio (NJL) model is an effective model of the strong interaction introduced in 1961 [37, 38] . Originally the model was formulated in terms of nucleons as a local effective interaction inspired by the BCS theory of superconductivity [39, 40] (At the time of the model's conception quarks were yet to be discovered.). Later it was redeveloped in terms of quarks to model low and intermediate energy QCD. A number of reviews are available on the NJL model and its applications [41] [42] [43] [44] [45] [46] . Its ability to model the breaking of chiral symmetry dynamically by spontaneously generating mass has made it very popular.
The NJL model assumes that at low energy scales the gluons acquire a large effective mass and can be integrated out to a good approximation, leaving a local (contact) four Fermi interaction between quarks. Upon integrating out gluons the local colour symmetry of QCD is reduced to a global symmetry and confinement is lost. This shortcoming of the NJL model will not be an issue when modelling quark matter at high density, where the quarks will be considered to be deconfined.
Moreover, the NJL model is not renormalizable. However, unrenormalizable theories are still useful and information can be obtained through the process of regularisation, whereby a cut-off is introduced setting the scale of the model. There are many regularisation schemes in common use. Here we will use Schwinger's proper time regularisation (PTR) [42, 45] and make comparisons to the simple, non-covariant three momentum regularisation (TMR).
In Ref. [32] we extended the QMC model by performing a Hartree-Fock calculation including the full vertex structure for the vector mesons. This extension only alters the exchange contribution, including not only the Dirac vector term, as was done in [47] , but also the Pauli tensor term. These terms were already included within the QMC model by Krein et al. [48] for symmetric nuclear matter and more recently by Miyatsu et al. [49] . We generalised the work of Krein et al. [48] by evaluating the full exchange terms for all octet baryons and adding them, as additional contributions, to the energy density. A consequence of this increased level of sophistication is that, if we insist on using the hyperon couplings predicted in the simple QMC model, with no coupling to the strange quarks, the Λ hyperon is no longer bound.
The present line of research complements the recent work of Refs. [23, [26] [27] [28] [29] , which also considered deconfinement in neutron stars as a crossover rather than a bona-fide phase transition. The novelty of this work is that we incorporate the influence of quark degrees of freedom in the hadronic phase. Moreover, we use a covariantly regularised NJL model for modelling deconfined quark matter. This work also complements Ref. [24] , which investigated hybrid star matter using a different variation of the Hartree-Fock QMC model and a bag model, where deconfinement was modelled as a first order transition using a Gibbs construction. The present version of the QMC model differs from [24] as we restrict the exchanged mesons to σ, ω, ρ, and π; we use couplings as derived within the model and treat contact terms differently.
This paper is organised as follows. The Hartree-Fock QMC model is presented in Sec. II and then used in Sec. III to study hadronic matter in generalised betaequilibrium. The proper time regularised NJL model is used to study three flavour quark matter in Sec. IV. In Sec. V, using these two models a hybrid equation of state is obtained assuming a faux crossover construction. In Sec. VI, we summarise the results obtained and draw our conclusions.
II. HADRONIC MODEL WITH QUARK DEGREES OF FREEDOM: THE QMC MODEL
In this section we present the formalism used for hadronic matter in beta-equilibrium with leptons using the Hartree-Fock QMC model [32] . We will briefly review the derivation of the equations given in Refs. [32, 50] and the approximations used therein. All our parameters are fixed at saturation density in Symmetric (N=Z) Nuclear Matter. We then extrapolate the model to investigate high density matter in generalised beta-equilibrium (GBEM), which is relevant to neutron stars.
A. The Lagrangian and Hamiltonian density
In our calculations we consider only the spin-1/2 octet baryons. These baryons interact via the exchange of mesons which couple directly to the quarks. The exchanged mesons included are the scalar-isoscalar (σ), vector-isoscalar (ω), vector-isovector (ρ), and pseudovector-isovector (π) bosons. These mesons only couple with the light quarks by the phenomenological OZI rule. We include the full vertex structure for the vector mesons, that is, we include both the Dirac and Pauli terms.
The QMC Lagrangian density used in this work is given by a combination of baryon and meson components
for the octet of baryons B ∈ {N, Λ, Σ, Ξ} and selected mesons m ∈ {σ, ω, ρ, π} with the individual Lagrangian densities
for which the vector meson field strength tensors are
The g iB , f iB denote meson-baryon coupling constants for the i ∈ {σ, ω, ρ} mesons. The quantities in bold are vectors in isospin space with isospin matrices denoted by t and isospin Pauli matrices by τ . For nucleons and cascade particles t = 1 2 τ . The pion-baryon interaction used here is assumed to be described by an SU(3) invariant Lagrangian with the mixing parameter α = 2/5 [47] from which the hyperon-pion coupling constants can be given in terms of the pion nucleon coupling, g p.v. 51, 52] , where g A and f π are the axial vector coupling and the pion decay constant, respectively.
From the Lagrangian given in Eq. (2.1) we obtain through the Euler-Lagrange equations a system of coupled non-linear partial differential equations for the quantum fields. This is a difficult system of equations to solve and to make the problem tractable approximations are applied. Static, no sea and mean field approximations are typically used and are implemented here. However, when we consider the NJL model we include the Dirac sea of negative energy states.
From the Hamiltonian density the EoS of nuclear matter can be calculated. The Hamiltonian density in the static approximation is
where we have decomposed it into its baryon and meson components as
B. Hartree-Fock approximation
To perform the Hartree-Fock approximation we follow Refs. [34, 47, 52, 53] by considering each meson field to be decomposed into two parts, a mean field part φ and a fluctuation part δφ, such that φ = φ + δφ and solve the equations of motion order by order. The fluctuation terms are to be considered small with respect to the mean field contribution, the exception to this being the π and ρ meson fluctuations. In this fashion, the σ meson equation of motion is decomposed according to
The terms on the r.h.s of Eq. (2.10) are expanded about their ground state expectation values (denoted by . . . ).
For the first term, we have
and similarly for the second and so on. We now proceed to solve the σ meson equation of motion order by order. At the mean field or Hartree level we obtain 2.13) and at the Fock level
where to this order (δσ)
The fluctuation equation of motion becomes
(2.17) Eq. (2.17) can be re-expressed in terms of an in-medium σ-meson mass and the fluctuation of the scalar baryon current as
18) where
(2.19) This in-medium σ meson mass is only relevant to the fluctuating part and does not appear in the mean field portion of the σ meson's equation of motion. This inmedium modification due to the baryons internal structure was included in Refs. [34, 47, 52] , but we will omit it here. We are neglecting this in-medium modification as we are approximating the Fock terms in the static approximation, omitting all other meson retardation effects and implementing a crude method of subtracting the contact terms that arise in the Fock terms. For these reasons it is reasonable to disregard it and use the free σ meson mass in the Fock term, thereby treating it in the same manner as the other mesons.
The expectation value of the σ field is given bȳ
20) which is then determined numerically. Krein et al. [48] also considered an additional correction involving the mean scalar field generated by the Fock terms. This can be done by considering the energy density as a functional and requiring it to be thermodynamically consistent, meaning that the total energy density, , is minimised with respect toσ. This amounts to Eq. (2.20) plus an additional term because of the dependence of the Fock contribution to the energy density onσ.
The fluctuation of the σ field can now be written in terms of the σ meson's Green function ∆ σ as
By considering the meson fields decomposed into a mean field part and a fluctuating part it can be seen in Eq. (2.18) and (2.22) , that this is related to a similar decomposition of the baryon currents. We introduce the following notation:
whereΓ αB denotes one of the meson-baryon interactions, appearing in the Lagrangian (Eq. (2.2)), written in terms of the appropriate Lorentz and isospin structures. The analogous expressions for the remaining mesons follow in same manner. Here we summarise the equations of motion for all mesons decomposed into mean field and fluctuation components. For the meson mean fields we haveσ 
26) where ∆ φ is the Yukawa propagator for the meson φ ∈ {σ, ω, ρ, π}.
The decomposition of the meson fields also occurs in the Hamiltonian. For example, the baryon kinetic and the σ meson terms amount to
The first term in the last line is the σ meson's Fock term contribution to the energy. To proceed further, we must first explain how the in-medium Dirac equation for the baryons is solved in the Hartree-Fock approximation. This is presented in Sec. II C. In the process of doing this, we Fourier transform to momentum space, where the energy density of nuclear matter is more easily evaluated.
C. The in-medium Dirac equation
The in-medium Dirac equation, for a baryon i in nuclear matter, can be written as
where Σ i (p) is the self-energy of the baryon. From parity conservation and translational, rotational and time reversal invariance, the self-energy can be decomposed into three scalar functions in the nuclear matter rest frame [35] , If we introduce the following effective quantities
the Dirac equation can be written in a form which is formally equivalent to the Dirac equation in vacuum. Therefore, as in vacuum, the positive energy solution to the in-medium Dirac equation is
where χ s are Pauli spinors and we have used the normalisation convention u † i (p, s)u i (p, s) = 1 for the spinor [35] . From fully self-consistent calculations performed using QHD [35, 54] and QMC [48] models, it is known that the scalar and temporal vector self-energy components are approximately momentum independent and the spatial vector component is very small. Therefore, we proceed by carrying out the self-consistency approximately, as in Ref. [32, 50] , where we ignore these small contributions. The self-energy then has a form identical to the usual mean-field (Hartree) result and the small Fock corrections can be included by requiring thermodynamic consistency.
The no sea approximation is used, i.e., the negative energy states of the baryons are ignored. Therefore, the in-medium propagators for baryons propagating on-shell in the nuclear matter rest frame are given entirely by the Dirac portion of the baryon propagator [35] 
35) where p F,i is the Fermi momentum of baryon i.
With the above approximations and definitions, the Fock contribution can be evaluated. For the σ meson Fock contribution to the energy density, we obtain
As can be seen in Eq. (2.36), there is an additional scalar dependence in this Fock term, which appears after explicit evaluation. A correction to the mean scalar field can easily be included numerically. This is a small contribution, as illustrated by the scenarios labelled "Fock δσ" in Ref. [32, 50] , and so we neglect it here. The Fock contributions of the other mesons are straightforwardly obtained in the same manner. They too have an additional dependence on the scalar mean field.
D. Hartree-Fock equation of state
Here, to describe the baryon-meson interaction, we also introduce form factors, because of the extended nature of the baryons, by
The σ, ω, ρ and π form factors are all taken to have the dipole form F (k 2 ) F ( k 2 ) with the same cut-off Λ. We explored values of the cut-off mass in the range 0.9 -1.3 GeV in Ref. [32] . Clearly, these form factors are only of concern for the Fock terms as these allow for a finite momentum transfer, whereas Hartree contributions do not.
Within the QMC model, the hadronic energy density hadronic is the sum of the of the baryonic energy density in nuclear matter which is whereᾱ refers to the mean value of meson field α and
where
, which arise from symmetry considerations, are given in Ref. [47] and Ξ α BB , is explained below. The additional contribution from the Fock terms to the scalar self-consistency significantly increases computation time and was shown to make only a small change in our results in Ref. [32] . For this reason we neglect its correction to the σ mean field. The vector meson mean fields are given bȳ
where ρ v i is the number density for baryon i. For F , the integrand has the form
where ∆ m ( k) is the Yukawa propagator for meson m with momentum k = p − p and u B are the baryon spinors. In the above integrands we expand to isolate the momentum independent pieces and simply subtract contact terms as in Ref. [32] . We emphasise here the importance of subtraction of the momentum independent piece, which when transformed to configuration space corresponds to a delta function.The removal of the contact terms is a common procedure because they represent very short range correlations between the baryons. To keep them in this model would not be consistent as it treats the baryons as clusters of quarks and not as point-like objects. Moreover, it is also required because of the suppression of the relative wave function at short distance originating from the repulsive hard core.
E. QMC model parameters
The model dependence on all parameters was discussed in detail in Ref. [32] . There are just the three main adjustable coupling constants, which control the coupling of the mesons to the two lightest quarks, g In addition, one has the meson masses, the value of the cutoff parameter Λ appearing in the dipole form factors needed to evaluate the Fock terms and finally the bag radius of the free nucleon. The σ, ω, and ρ couplings to the quarks are constrained to reproduce the standard empirical properties of symmetric (N =Z) nuclear matter; the saturation density ρ 0 = 0.16 fm −3 , the binding energy per nucleon at saturation of TABLE I. Couplings, nuclear matter properties, and neutron star properties determined for our standard case (for which Λ = 0.9 GeV, and R free N = 1.0 fm) and the scenario where the cut-off is increased to Λ = 1.3 GeV. The symmetric nuclear matter quantities evaluated at saturation, K0 and L0, are the incompressibility and slope of the symmetry energy, respectively. Tabulated neutron star quantities are the stellar radius, maximum stellar mass and corresponding central density (units ρ0 = 0.16 fm −3 ).
−15.865 MeV as well as the asymmetry energy coefficient a asym ≡ S 0 ≡ S(ρ 0 ) = 32.5 MeV [47] . The ω, ρ and π meson masses are set to their experimental values. Whereas, the value of the σ mesons mass is taken to be 700 MeV [32, 34, 55] . The form factor cutoff mass, Λ, controls the strength of the Fock terms. In Ref. [32] the preferred value was 0.9 GeV. Here we consider only two values, the preferred 0.9 GeV and 1.3 GeV. The latter was chosen as it produces an overly stiff EoS. All the other coupling constants in the expression for the total energy density are calculated within the QMC model or determined from symmetry considerations without further need for adjustable parameters. In particular, the tensor couplings are determined from experimental magnetic moments.
III. GENERALISED BETA-EQUILIBRIUM MATTER AND NEUTRON STARS
As the density of hadronic matter increases beyond saturation density nuclei dissolve to form an interacting system of nucleons and leptons. If this system survives longer than the time scale of weak interactions, τ ≈ 10 −10 s, it is able to reach equilibrium with respect to beta decay n → p + e − +ν and its inverse . When the total baryonic density reaches about 2 -3 ρ 0 and because baryons obey the Pauli exclusion principle, it becomes energetically more favourable to create a slow and more massive hyperon, rather than another energetic nucleon. A generalised beta equilibrium develops with respect to all reactions involving either weak or strong interactions, that leads to the lowest energy state. Only two quantities are conserved in GBEM-the total charge (zero in stars) and total baryon number. Strangeness is conserved only on the time scale of strong interaction, τ ≈ 10 −24 s, and lepton number is conserved only on the time-scale of tens of seconds, because of the diffusion of neutrinos out of the star [56] .
We supplement the QMC model developed so far with non-interacting leptons and proceed to study matter in generalised beta-equilibrium (allowing for hyperons as well as nucleons). Only electrons and muons are considered, as tau leptons are too massive to be found in neutron stars. As we are considering old neutron stars, neutrinos are assumed to have radiated out of the star, so they can also be neglected. For the lepton masses we use their experimental values [57] . The corresponding lepton energy density and number density are given by the usual formulas for a degenerate Fermi gas [56] . The total energy density of the GBEM is then given by the sum of the hadron and lepton energy densities, total = hadronic + . Similarly the total pressure is the sum of the hadron and lepton pressures and can be calculated as
To describe GBEM, we need to determine the lowest energy state under the two constraints of baryon number conservation and charge neutrality. For this we use the standard method of Lagrange multipliers. The equilibrium configuration of the system is then determined variationally.
We solve the following system of equations:
where the baryon number, B i , is 0 or 1 and the charge number, Q i , is 0 or ±1. This system of equations is solved to obtain the number densities for each particle
as well as the Lagrange multipliers (λ, ν).
At Hartree-Fock level, the following formulas to numerically evaluate the chemical potentials, must be used to ensure we encapsulate the Fock contribution to the energy densities correctly
The EoS of GBEM is not valid in the outer regions (crust) of the star, where nuclei and nuclear processes become dominant. Following the customary procedure, we introduce a smooth transition between our EoS in GBEM and the standard low density EoS of Baym, Pethick and Sutherland (BPS) [58] at low density. In order to calculate neutron star properties, such as the total gravitational mass, M (R), within the stellar radius R, we solve the TOV equations [59] [60] [61] for hydrostatic equilibrium of spherically symmetric (non-rotating) matter.
A. Hadronic matter numerical results
Quark-meson coupling model numerical results were discussed in detail in Ref. [32] . Here, we simply present the numerical results for two model variations, Λ = 0.9 GeV and the overly stiff Λ = 1.3 GeV. Figure 1 shows the species fraction for hadronic matter in generalised beta-equilibrium. The corresponding EoS are depicted in Fig. 2 .
IV. QUARK MODEL: PROPER TIME REGULARISED NJL MODEL
In this section, we introduce the proper time regularised three flavour Nambu-Jona-Lasinio (NJL) model and use it to study quark matter.
We use an NJL Lagrangian which is inspired by one gluon exchange and proceed to calculate the corresponding effective potential in the mean field approximation. One gluon exchange can be approximated by constructing a current-current interaction using the conserved colour current J µ a =ψγ µ t a ψ. Performing Fierz transformations on this interaction Lagrangian in the exchanged qq-channel and adding it to the original, one obtains an interaction Lagrangian consisting of colour singlet and octet terms. As we are only interested in colour neutral matter, we ignore the colour octet terms. The La- grangian density we investigate is then:
. We used t a to denote the SU (3) Gell-Mann matrices in colour space, whereas in Eq. (4.1) we use λ a to label them in flavour space. Through the application of the Fierz transformations, one finds that the vector coupling is simply related to the scalar coupling, i.e., G V = GS 2 . However, in practice it can be constrained by some physical quantity such as a vector meson mass. We will treat the vector coupling as a free parameter, varying it from zero up to equality with the scalar coupling, in order to understand its effect on the quark equation of state.
The dynamically generated constituent quark masses in this NJL model in the MFA are then given by M i = m i − 4G S ψ i ψ i , where m i is the current quark mass of flavour i ∈ {u, d, s}. In vacuum, the explicit proper time regularised expression is
At finite density Eq. (4.2) gains an additional correction.
A. NJL model parameters
The NJL model has essentially five model parameters, the UV cut-off Λ UV ; the scalar coupling G S ; the light and strange constituent quark masses M ,s or equivalently their current quark masses m ,s (there is a one-toone relationship between constituent and current quark masses by Eq. (4.2)); and finally the vector coupling, G V , which is treated as a free parameter. As is common practice, we use pion phenomenology to fit the NJL model parameters. We constrain our model parameters in two ways. In parameter set PS1, we take as input the constituent quark masses M = 400 MeV and M s = 563 MeV, the pion's mass m π = 140 MeV and its decay constant f π = 93 MeV. By requiring these values for M and f π , the UV cut-off, Λ UV , is constrained to be 636.67 MeV. Then using the correspondence of the pole in the quark-anti-quark t-matrix in the pseudoscalar channel to the physical pion mass m π , along with the values M and Λ UV the scalar coupling G S is found to be 19.76 GeV −2 . Finally, using M ,s , Λ UV and G S the current quark masses can be calculated from Eq. (4.2)
In our first parameter set, PS1, the calculated current quark mass is ∼ 10 MeV, larger than the values typically used in the three momentum regularised versions of the model. As an additional test of sensitivity of the parameters to our fitting procedure we take instead the current quark masses as input, m = 5.5 MeV and m s = 135.7 MeV, the pion's mass m π = 140 MeV and its decay constant f π = 93 MeV. By following a similar procedure as above we determine the other parameters and calculate the constituent quark mass. This leads to a new and substantially different parameter set, PS2, with the constituent quark mass considerably lower. When fitting our model parameters, we are enforcing a scale in our model. With this in mind we should compare and choose the parameter set which is both consistent with hadron phenomenology (enforced through the above mentioned fitting procedures) and also favourable for modelling high density quark matter. We will compare the proper time regularised model with the three momentum regularised model [27] .
B. At finite density
At finite density we have conservation of baryon number and associated chemical potentials. To handle this, an extra term is added to our NJL Lagrangian Eq. (4.1),
whereμ is the chemical potential matrix given bŷ
The inverse quark propagators in momentum space are now of the form
for each flavour i, where we have defined the reduced chemical potential Using standard methods [45, 62] the effective potential evaluated at finite density in the MFA is
where M i0 is the vacuum value of the constituent quark mass and E p,i = p 2 + M 2 i for flavour i. In Eq. (4.6) we have subtracted a constant defining the effective potential, and hence the pressure (P = −V ), to be zero in vacuum. With this definition of the effective potential and by the Gibbs-Duhem relation, the energy density also vanishes in vacuum. This is a common definition of the model as it is only defined up to a constant. However, some authors choose to exploit this degree of freedom by introducing a "Bag" constant, allowing the model to have non-zero values for the above thermodynamic variables in vacuum. The first two lines of Eq. (4.6) contain terms which are divergent and must be regularised. We choose to regularise using Schwinger's covariant proper time method [42] . The choice of the regularisation procedure is a defining decision of any NJL model.
After the analytic continuation to Euclidean space the stationary condition for the path integral translates to the condition that the mean field effective potential is determined at a global minimum and must therefore satisfy
The gap equation therefore acquires an additional contribution at finite density, which acts to restore chiral symmetry.
C. Flavour independent vector interaction
We anticipate that the vector interaction is important (as is well known, see Ref. [2] ) and that the strength and type of this interaction is crucial for a realistic description of quark matter. For this reason we introduce an alternative "simplified" vector interaction which is flavour independent, such that
This form of vector interaction has been used in many NJL studies. Particularly interesting are those that use it to produce high mass neutron stars if the coupling is large enough, see for example Refs. [23, 27] . With the vector interaction given by Eq. (4.8), rather than the flavour dependent interaction in Eq. (4.1), both the reduction in the chemical potentials and the contribution to the effective potential must be recalculated.
In symmetric two flavour quark matter (ρ u = ρ d and ρ s = 0) these two interactions are equivalent but differ otherwise. In asymmetric two flavour quark matter they will differ and there should be a substantial difference when strange quarks are present. In three flavour symmetric quark matter (ρ u = ρ d = ρ s ) the additional cross terms for the flavour independent interaction could give a substantial increase in pressure coming from the vector contribution. Of course, each of the quark chemical potentials will be reduced by the same amount, determined by the total quark density, as opposed to the flavour dependent interaction, where each quark's chemical potential is only reduced by its own density. Consequently, the type of vector interaction could be important in the description of hybrid and quark stars, particularly when strange quarks are involved.
D. Quarks in beta-equilibrium
Thermal equilibrium of quarks and leptons with respect to the weak and strong interactions, under the constraints of charge and baryon number conservation, is described by the following system of equations:
(4.13)
The relations imposed in Eqs. (4.11-4.12) are between the thermodynamic chemical potentials and not the reduced chemical potentials. In terms of the individual quark densities (ρ v i ), the total quark density (ρ tot ) and the total baryonic density (ρ) are defined as
(4.14)
In the limit of zero vector coupling, the individual number density of each quark species is related to the respective chemical potential by This system of equations combined with the three gap equations, is then solved to determine the particle content and thermodynamic behaviour of three flavour quark matter in beta-equilibrium with leptons.
The pressure of quark matter is calculated from the thermodynamic relation
16) where V l is the effective potential contribution of the noninteracting leptons. This gives the same pressure contribution as in Sec. II. The energy density is obtained from the following formula 17) where in the second term µ i is the un-reduced thermodynamic chemical potential.
E. Quark matter numerical results
In this section we will present and discuss the numerical results of the NJL model parameter sets PS1, PS2 and HK. We begin with the behaviour of the constituent quark mass as a function of quark chemical potential. This is followed by the properties of quark matter in beta equilibrium with leptons.
Chiral symmetry is broken explicitly in all parameter sets considered (see Table II ) by the presence of a nonzero current quark mass but it is also broken dynamically in vacuum for sufficiently large coupling strength [41] . All parameter sets produce a constituent quark mass which is significantly larger than the current quark mass in vacuum for all flavours. The constituent quark masses, or equivalently their condensates, are the order parameters of chiral symmetry. The chirally broken phase is marked by a large constituent quark mass and its approximate restoration is expected to occur at large chemical potential for all three parameter sets.
The numerical results presented in Figure 3 , show the behaviour of the constituent quark masses, as a function of the quark chemical potential (µ = µ = µ s ) for each parameter set. In the first row the vector coupling is set to zero and G V = G S in the second.
In the NJL model, which models the dynamical generation of mass breaking chiral symmetry, it is unnatural for the constituent quark mass to be smaller than the current quark mass. Obviously, this can occur when the finite density terms overwhelm the vacuum terms in the gap equation. One would naively expect that this would not occur before the UV cut-off, which was introduced to regulate the model, effectively setting the scale of the model using relevant hadron phenomenology. This is quite plainly not the case for parameter PS1, see Fig. 3 plot (a) . The constituent quark mass for light quarks very abruptly drops at µ 388 MeV. Shortly after this first order transition occurs, the constituent quark mass becomes smaller than the current quark mass at µ 451 MeV-which is moderately lower than the cut-off Λ UV 637 MeV. More serious, however, is the behaviour of the constituent strange quark mass, which drops sharply below its current quark mass as soon as it is energetically favourable to appear at µ 524 MeV.
The behaviour of the constituent quark masses as a function of quark chemical potential for parameter set PS2 are markedly different from the behaviour for PS1, as shown in Fig. 3 . To begin with, there is no-longer a first order transition for all flavours in the absence of vector coupling. The transition between the chirally broken phase and the symmetric phase is smooth, with the constituent quark masses still going below the current quark masses at µ 763 MeV for light quarks and µ 771 MeV for strange quarks-once again at a chemical potential moderately lower than the cut-off Λ UV = 1.0789 GeV.
The three-momentum regularised NJL model with t' Hooft determinantal term has been used extensively in the literature [41] [42] [43] 46] , and in particular, it was recently used to study hybrid stars in Ref. [27] . This variation of the NJL model is included for comparative purposes using the HK parameter set [43] . Table II contains the HK parameter set for convenience, but the interested reader is referred to Ref. [43] for how it was obtained. The values of the current quark masses in this parameter set were used as input for our proper time regularised parameter set PS2, so a close comparison could be performed. Current quark masses of the HK parameter set are the same as in PS2, but the constituent quark masses are considerably larger and comparable to the ones used in PS1. Moreover, the scalar coupling and UV cut-off are comparable to their counter parts in PS2 and PS1, respectively.
The 't Hooft determinantal term has a pronounced effect on the constituent quark masses-see Fig. 3 plots  (c,f) . The mixing of different flavours produced by the flavour determinant means that the constituent quark masses of different flavours are inter-related. In plots (c,f) the strange quark mass drops abruptly when the light quark mass drops, before it is actually favourable to appear, illustrating the dependence of the strange quark mass on the light quark condensates.
Of considerable interest is that, unlike in the proper time regularised models described above, the constituent quark masses of both the light and strange quarks do not go below the current quark mass until the quark chemical potential approximately reaches the UV cut-off. This is somewhat disconcerting as we could interpret this as a signal that the NJL model with our chosen regularisation scheme is breaking down and, in the case of PS1, it is occurring at only a moderate chemical potential. In the case of PS2 it breaks down at a chemical potential greater than in the HK parameter set, but still lower than the UV cut-off. As the regularisation scheme is a defining feature of the model, this difference should be clearly understood. Furthermore, we will be applying the NJL model to describe hybrid stars in Sec. V, where the inner core densities are expected to be immense. The large quark chemical potentials that are anticipated to be achieved could surpass the breaking point of the model.
As pointed out in appendix B of Ref. [63] , this can be understood by studying the in-medium gap equation in detail. The in-medium gap equation takes the form of a sum of vacuum and finite density contributions. When the finite density contribution is greater than the vacuum contribution, the constituent quark mass is smaller than the current quark mass. This occurs at some critical chemical potential denoted µ crit . The value of the critical chemical potential is dependent on the regularisation scheme through the vacuum contribution to the gap equation only, as the Fermi term is finite [64] . It can be estimated by performing an expansion of vacuum and finite density terms about M i /Λ UV = 0. In the proper time scheme, the pertinent integral that must be expanded needs be treated with care, because of the singular nature of this integral in the limit M i /Λ UV → 0 + . Specifically, it contains a logarithmic singularity. Because of this singularity the Taylor series expansion has a zero radius of convergence and it therefore must be treated as an asymptotic expansion rather than a Taylor expansion. The critical chemical potential to the lowest order is then
450 MeV for PS1 763 MeV for PS2 .
Similarly, one can show in the three-momentum cut-off regularisation that µ crit Λ UV [63] . The vector interaction renormalises the chemical potential, effectively increasing it. However, it is the reduced chemical potential,μ i , that appears, for example, in the in-medium gap equation. The critical value of the chemical potential derived above will now apply to the reduced chemical potential. It will then provide a limiting value to the reduced chemical potential, up to which we can consider the model to be reliable in the presence of the vector interaction.
We allow the vector coupling to vary from zero to up to being equal to the scalar coupling, in order to understand its affect on the model. On increasing the vector coupling in each of the models the transition from the chirally broken phase to the symmetric phase occurs more smoothly. In particular, in the case of parameter set PS1 it changes the transition from a first order transition to a second order transition. This is not surprising as this effect has been seen in studies of two-flavour quark matter [46] using a flavour independent vector interaction. It has also been seen in NJL model studies of the QCD phase diagram in the T -µ plane, whereby the vector interaction shifts the critical point closer to the µ axis [65] [66] [67] . For each of the models, the vector coupling defers chiral restoration to a larger chemical potential. The reduction of the chemical potential from the vector interaction curtails the effect of the finite density contribution to the gap equation, meaning that the constituent quark masses approach their current quark masses at greater chemical potential.
Based on the above discussions, the PS2 parameter set will likely make a more reliable description of hybrid stars. In the modelling of quark matter in betaequilibrium with leptons, we will restrict ourselves to the parameter sets PS2 and HK. Figure 4 shows the species fractions as a function of total baryon density. In this figure, the results for both the PS2 and HK parameter sets are shown and are found to have similar particle content and behaviour. In contrast to hadronic calculations, the only leptons to appear are electrons and in a reduced number. In Fig. 4 , the electron fraction was multiplied by 100 to make it clearly visible on the same plot as the quark fractions. The species fraction in the absence of a vector interaction is shown in Fig. 4 (a) . Incorporating a non-zero flavour independent vector interaction leaves the number densities of the particles unchanged. Similar plots showing species fractions in the three flavour NJL model with flavour independent vector interaction can be found in Refs. [27] and [23] . The onset of strangeness occurs at a slightly lower density using the PS2 model than in the HK model. The strange quarks appear at ρ 3.32ρ 0 in PS2 and at ρ 3.98ρ 0 in HK. As expected, the appearance of strange quarks reduces the number of down quarks because of the charge neutrality constraint and the up quark fraction remains approximately constant over the density range considered. The strength of the flavour independent vector interaction does not change the species Species fractions as a function of density for betaequilibrium quark matter for parameter set PS2 (solid) and HK (dashed). Each of the particle number densities is divided by the total quark density ρtot = ρ d +ρu +ρs = 3ρ. The down quark fraction is red, up green, strange purple. The electron fraction (blue) is multiplied by 100 so as to be visible on the same plot. Note that the electron fraction defined here differs by a factor of 1/3 from the figures in Sec. II. Plot (a) zero vector coupling and non-zero flavour independent vector coupling (b) flavour dependent vector interaction with GV = GS/2 and (c) flavour dependent vector interaction with GV = GS. Here we use the saturation density ρ0 = 0.17 fm fraction as a function of density, but does have an affect on the thermodynamic variables, as will be discussed below. However, in the case of a flavour dependent vector interaction, particle densities do vary with vector coupling strength, see plot (b-c) of Fig. 4 . Figure 4 (b-c) shows the onset of strangeness occurs at lower density with increasing strength of the flavour dependent vector interaction for both PS2 and HK models. With varying the vector coupling between (0, G S ), the threshold density for strange quarks is in the range ∼ 2ρ 0 -4ρ 0 . Figure 5 shows chemical potentials and constituent quark masses as a function of total baryonic density and illustrates the affect of flavour dependent and independent vector interactions. Both the PS2 and HK models show similar trends, with the exception that in the HK parameter set there is more curvature of the chemical potentials at low density. This is undoubtedly connected to the t' Hooft term causing the condensates to be dependent on one another. In the HK parameter set, the strange quark mass decreases as the light quark masses decrease-even when strange quarks have not yet appeared. On the other hand, in PS2 (with a flavour dependent vector interaction) it remains constant until it is energetically favourable to be produced. This is because the quark condensates of each flavour are independent of each other in PS2. From Fig. 4 , we see that at low density only the light quarks are present for both parameter sets and all variations of the vector interaction considered. For models incorporating the flavour dependent vector interaction, we have µ s = M s at zero strange quark density, which can be seen in cases (b,e) of Fig. 5 . As the baryonic density increases, the separation of the chemical potential curve from the constituent quark mass curve can be clearly seen for the strange quark. This coincides with the appearance of strange quarks. With increasing strength of the vector interaction, the down quark chemical potential increases faster with increasing density, leading to an earlier onset of strange quarks-compare with Fig. 4 . However, for models with the flavour independent vector interaction µ s = M s + 2g V (ρ u + ρ d ) at zero strange quark density. Before the density threshold is reached for strange quarks, there is a separation between the strange quark's chemical potential and its constituent quark mass owing to the already present light quarks. This can be seen in plots (c,f) of Fig. 5 .
Moreover, as we are working in the isospin symmetric limit, i.e the current quark masses of the light quarks are equal, the only cause for a difference between the light constituent quark masses is the finite density contribution. In contrast to the usual free space situation, where the up quark is lighter than the down quark and thereby the neutron heavier than the proton, in-medium the down quark is found to be lighter than the up quark. This is because of the conditions of beta-equilibrium under charge and baryon number conservation. The down quark fraction is greater than the up quark fraction, as can be seen in Fig. 4 and so its effective mass is reduced more than that of the up quark. However, this difference is small and decreases with increasing density.
The reason for the differences between the flavour dependent and independent vector interactions lies in the imposed beta-equilibrium relations in Eqs. (4.11-4.12) . Expressing Eqs. (4.11-4.12) in terms of the reduced chemical potentials for the flavour independent vector interaction, one finds an equivalence between the betaequilibrium relations written in terms of the chemical potentials and the reduced chemical potentials. This is the reason why the species fraction of particles do not change with increasing vector coupling. The particle number densities are directly related to the reduced chemical potentials via Eq. (4.15) . This, combined with the gap equation for the quark masses, which is also only dependent on the reduced chemical potential, means that the whole system of beta-equilibrium equations is independent of the vector coupling. At a given density the chemical potentials are larger with increasing vector coupling but their increase is cancelled in the beta-equilibrium relations (Eqs. (4.11-4.12)) leaving the particle number densities and hence also the constituent quark masses invariant.
For the models including a flavour dependent vector interaction, there are extra terms which do not cancel and are proportional to the vector coupling. The equilibrium conditions do not simplify to relations of the same form between the reduced chemical potentials. Because there remains an explicit dependence on the vector coupling in the beta-equilibrium relations, the particle number densities and hence the constituent quark masses change with variation of the vector coupling. Figure 6 plainly shows the appreciable effect the vector interaction has on the pressure as a function of energy density. Overall, the behaviour of the two parameter sets with change in strength and type of vector interaction is not dissimilar. For both, there is a considerable increase in pressure upon turning on the vector coupling and then increasing it further to be equal to the scalar coupling. As anticipated, the flavour independent vector interaction provides a larger increase in pressure at high density (ρ > ∼ 2ρ 0 ) for both parameter sets. The earlier onset of the strange quark makes the models with a flavour dependent vector interaction a little softer again. However, the vector interaction still produces a stiffer EoS state on increasing the vector coupling. The PS2 parameter set produces a slightly stiffer EoS, particularly at low density.
V. FAUX CROSSOVER CONSTRUCTION
In this section we consider a transition from hadronic matter (modelled using the HF-QMC model) to quark matter (using the NJL model). We investigate the possibility of a smooth crossover transition in a purely phenomenological way, whereby we interpolate between the hadronic and quark model equations of state (EoS).
In sections III and IV, we considered each phase to be in beta-equilibrium and also charge neutral. The requirement of charge neutrality effectively reduced each phase to a one component system controlled by the baryonic density or equivalently a baryonic chemical potential. Built on this foundation, one is naturally led to consider phase transitions in neutron stars modelled assuming a one component description, i.e., a Maxwell construction. This is the simplest possibility for constructing a phase transition and historically the most studied. The transition point in the Maxwell construction is identified by the conditions of thermal, mechanical and one component chemical equilibrium. This first order transition corresponds to a kink in the pressure versus neutron chemical potential plane and a constant pressure plateau in the pressure versus density plane. This plateau connects the hadronic phase to the quark phase. With this sudden jump in the density at constant pressure, the Maxwell construction does not allow for the possibility of a mixed phase where both hadrons and quarks can coexist together. For actual hybrid stars, in this construction, one finds a hadronic outer layer and a dense quark core, with no possibility for a mixed phase in between. When modelling phase transitions in neutron stars using the Maxwell construction each phase is considered independently charge neutral. However, as was first pointed out by Glendenning [12] , if a mixed phase exists then charge neutrality can be achieved globally rather than locally. To consider this possibility we are led to the Gibbs construction for a multi-component system. In the context of hybrid stars, we have a two component system corresponding to two conserved quantities, namely baryon number and charge.
The Gibbs construction for a first order transition requires that thermal, mechanical and chemical equilibrium are implemented in the mixed phase region. Chemical equilibrium requires that the, now two, independent chemical potentials (the neutron and electron chemical potentials) of the two oppositely charged phases are equal. Outside of the coexistence region the phase with the greatest pressure is the persistent phase. As the hadronic phase is known to be the dominant phase at low density, one calculates the hadronic phase and uses the calculated neutron and electron chemical potentials as input into the quark phase calculation of the equation of state. If at some density the pressures of the two phases become equal, then a mixed phase is possible. If this mixed phase exists, it can potentially persist over a range of densities with the pressure increasing monotonically with density. In the mixed phase, hadronic matter will possess a charge and quark matter the opposite charge.
The Maxwell and Gibbs constructions described above are bulk constructions, treating both hadron and quark phases as uniform matter. Important finite size effects are neglected, such as the surface tension at the hadronquark interface and also the Coulomb interaction. These effects have been shown to lead to the creation of geometrical structures forming phases commonly referred to as pasta or structured mixed phases. From more sophisticated calculations which take these effects into account, see for example Refs. [8, [68] [69] [70] [71] [72] [73] [74] , it is known that these structures tend to smooth the pressure plateau seen in the Maxwell construction. Moreover, the Maxwell construction can be considered a limiting scenario where the surface tension is large and conversely for the Gibbs construction where it is taken to vanish.
These constructions describing first order transitions typically make it difficult to construct stiff hybrid EoS compatible with large neutron star mass observations, unless the hadronic EoS is already sufficiently stiff. However, some models have been able to produce massive hybrid stars compatible with observation, see for example [6, 10, 23, 24, 75] . The EoS are softer because in order to implement the Maxwell and Gibbs constructions, the quark pressure must be less than the hadronic pressure at low neutron chemical potential, intersect at some point, and then remain above with increasing chemical potential. This requirement implicitly restricts the possible hybrid EoS to be softer than hadronic EoS in general.
Moreover, since no known model has a realistic description of the confinement mechanism, this adds to the difficulty in providing a reasonable description of the matter in the transition region. Model derived hadronic and quark EoS may only provide adequate explanations of strongly interacting matter in the low and the high density limits, respectively. These models may, in fact, be unreliable in the intermediate transition region where the requirements of thermal, mechanical and chemical equilibrium are imposed. The requirement of mechanical equilibrium (P Q = P H ) deserves special emphasis, because models not including confinement would necessarily produce unnaturally large pressure. In some situations, to ensure a transition at a reasonable density, model parameters must be restricted or a bag constant introduced to lower the pressure [29] . Either of these choices will also affect the high density behaviour of the EoS [29] . We use the usual convention, where the pressure and the energy density vanish in vacuum. However, a bag constant could be introduced to produce non-zero values in vacuum. For this reason, the Maxwell and Gibbs constructions could fail to capture essential features of the transition region accurately despite the models being otherwise reliable in their respective asymptotic limits.
Moreover, in searching for the hadron-quark phase transition by the Maxwell and Gibbs constructions, the implicit assumption is made that the transition is first order. This is generally assumed, but the hadron-quark transition may not be a first order transition in the interior of the QCD phase diagram. It may take the form of a crossover transition similar to what is predicted by lattice QCD at low density and high temperatures [76] [77] [78] [79] . If deconfinement were to take the form of a crossover, we could parametrise our ignorance of the transition region by phenomenologically interpolating between the hadron and quark EoS. This possibility has recently received much attention from several groups [23, [26] [27] [28] [29] .
An argument which suggests the possibility that the transition may be a crossover rather than a phase transition follows from the known extended nature of hadrons. With hadrons being a colour singlet cluster of confined quarks, an inference to be drawn from their nature is that a progressive transition to quark matter may occur where hadrons and quarks coexist and interact with one another. As the densities reached inside neutron stars are generally thought not to be greater than 10ρ 0 , the quarks are most likely not asymptotically free, but are rather still strongly interacting [26, 27] . It is well known that including a vector interaction among quarks can significantly stiffen an EoS [2] , meaning that if a crossover transition to a stiff quark EoS occurred at low enough density, this would therefore offer a means to generate massive neutron stars [26, 27] .
Hybrid EoS were previously calculated using a Gibbs construction employing a Hartree QMC model and a simpler version of the NJL model without vector interactions in Refs. [16, 80] . More recently, a Gibbs construction was employed between a different variation of the HartreeFock QMC model and a bag model [24] . We will not consider the above constructions further. Instead, we will contemplate the possibility that the transition is ac-tually a smooth crossover. This will be done using the Hartree-Fock Quark-Meson Coupling (QMC) model developed in Sec. II to describe the hadronic phase and the three flavour NJL model developed in Sec. IV for the quark phase.
A. Interpolation construction
If we assume that we understand how the low and high density matter behaves asymptotically, then we can parametrise our ignorance of the intermediate region where the phase transition occurs using an interpolating scheme. It should be understood that the choice of interpolating scheme is not unique. Masuda et al [26, 27] investigated two different interpolation constructions, pressure versus baryonic density and energy density versus baryonic density employing a hyperbolic tangent function. Hell and Weise [23] interpolated pressure as a function of energy density using a similar function. Alvarez Castillo et al [28] and Kojo et al [29] interpolated pressure as function of baryonic chemical potential using a gaussian and polynomial description, respectively. For each interpolation method, one thermodynamic variable was interpolated as a function of another, then the remaining variables were calculated from the interpolated variable. This results in additional thermodynamic corrections to the calculated variables beyond mere interpolation. These additional corrections are meant to preserve thermodynamic consistency between the variables, which may be important in applications to physical systems such as hybrid stars. However, since these corrections originate from a phenomenological interpolation, it is not clear whether they are physically meaningful or simply an artefact of the interpolation construction used. Only a deeper understanding of QCD thermodynamics can answer this. For this reason, we show numerical results with and without this thermodynamic correction.
We follow Ref. [27] and interpolate the energy density as a function of total baryonic density. To facilitate the transition between the hadron and quark EoS we introduce the following sigmoid interpolating functions
where X = ρ−ρ Γ and the transition region is chosen to be ρ ∈ [ρ − Γ,ρ + Γ] with (ρ, Γ) = (3ρ 0 , ρ 0 ) and ρ 0 = 0.16fm −3 . The transition from hadronic EoS to the quark EoS is centred aboutρ with the width of the transition region determined by Γ. These sigmoid functions are continuous, monotonic and differentiable, varying smoothly between the horizontal asymptotes of 0 and 1. There is no physical argument for these functions other than we want a smooth function to facilitate the transition from the hadronic EoS to the quark EoS producing a faux crossover transition. In this manner, two EoS based on different models, including complementary physics and aimed at describing matter in different density regimes, can be smoothly transitioned between in a reasonable, but phenomenological way.
The energy density is interpolated using Eq. (5.1) by
Note that the functions f ± (ρ) cannot be interpreted as the quark or hadronic matter volume fraction (as in a Gibbs construction mixed phase), they merely interpolate the energy density. When the energy density is taken as the interpolated variable as a function of density, the pressure is then calculated from this interpolated energy density (Eq. (5.2)), using
This leads to
where the correction
The functions g ± (ρ) are the density derivatives of the interpolating functions,
Functions defined as the derivative of a sigmoid function are bell shaped curves because of the inherent "s" shape of all sigmoid functions. The thermodynamic correction, ∆P , will only contribute significantly in the transition region. It is also dependent on the difference of the energy density between the two EoS. If a narrower transition region is chosen, then the bell curve will be more sharply peaked with a larger maximum producing a more substantial contribution to the pressure. Using the above procedure we can easily construct many hybrid EoS. However, we cannot indiscriminately interpolate between hadronic and quark EoS. Rather we should also impose additional criteria to ensure we obtain a physically meaningful EoS. The requirements that the EoS be both stable and causal impose stringent constraints ruling out many possible interpolations.
In interpolating between the two EoS, the requirement of stability, i.e., the pressure gradient be greater than zero,
is very restrictive. Interpolated EoS that do not meet this requirement are not useful in modelling hybrid stars. It is clear from the interpolating functions and the EoS presented in earlier sections, this method will lead to an interpolated EoS that satisfies this constraint, if we omit the thermodynamic correction to the pressure. However, the additional correction may induce inflection points in the EoS, possibly leading to an instability. By a causal EoS we simply mean an EoS where the speed of sound in matter, c s , is less than the speed of light (c = 1):
Here we simply calculate it from a high order polynomial fit to the EoS data file. Besides acting as a constraint, it is also a useful measure of the stiffness of an EoS.
B. Faux crossover numerical results
Throughout this section the interpolations shown in figures, unless otherwise stated, are between the "Standard" or baseline scenario of the HF-QMC model and the PS2 and HK models incorporating a flavour dependent vector interaction with the transition region chosen to be (ρ, Γ) = (3ρ 0 , ρ 0 ). Variations beyond these constructions are examined in Tables III and IV. There is a noticeable difference between the PS2 and HK models, with the HK models producing an energy density greater than the hadronic energy density for all values of the vector coupling. In the case of the PS2 model with no vector interaction the hadronic energy density is greater than the quark energy density for the density range shown. When the vector interaction is increased to half the scalar coupling, the hadronic energy density is greater than the quark energy density up until the density reaches ρ ∼ 0.7 fm −3 , then the quark energy density is greater. The difference of the quark and hadronic energy density significantly affects the correction to the pressure to maintain thermodynamic consistency. It also dictates the sign of the correction as seen from Eq. (5.5). A large separation of the quark and hadronic energy density curves indicates a larger correction is needed to maintain thermodynamic consistency-see Fig. 7 . For all HK models, ∆P is positive and hence it will stiffen the EoS at the beginning of the transition region and soften it towards the end. The strength of the vector interaction significantly influences the magnitude of ∆P and on increasing its strength ∆P is amplified considerably. As for the PS2 models, the sign of ∆P varies with density and the strength of the vector interaction. In the absence of the vector interaction, it is negative because of the density dependence of the difference of the quark and hadron energy densities. Thus, in contrast to HK models, it will soften the EoS at the beginning of the transition region and stiffen it towards the end. Figure 8 shows pressure with and without the thermodynamic correction as a function of energy density. As can be seen by comparing curves with and without the thermodynamic correction, the interpolated EoS is significantly affected by ∆P in the transition region. Without the thermodynamic correction, the transitions between the hadronic and all quark EoS occur smoothly without violating the constraints of thermodynamic stability and causality as would be expected from monotonic functions like those expressed in Eq. (5.1). Also, away from the transition region (ρ, Γ) = (3ρ 0 , ρ 0 ) the interpolated EoS are almost equivalent to the un-interpolated hadronic and quark EoS. However, in plot (d) of Fig. 8 , the correction to the pressure is so significant that the resulting EoS becomes unstable for HK models with G V = G S /2 and G V = G S . The greater the separation in the -ρ plane between the EoS of the two phases, the larger the correction ∆P , leading to a more significant change in the pressure.
The speed of sound squared in matter is shown in Fig. 9 as a function of energy density. Interpolations between the hadronic EoS and quark models with both types of vector interaction are included in Fig. 9 . On comparing with Fig. 8 , it can be seen that as an EoS softens, sound slows down and as the EoS stiffens, sound speeds up. The speed of sound is a very good measure of the stiffness of an EoS. Without the thermodynamic correction the interpolated EoS with PS2 models are generally stiffer than those with HK models, particularly at low and intermediate density. It is also clear that the flavour independent vector interaction produces a stiffer EoS and hence faster sound than models incorporating the flavour dependent vector interaction. On inclusion of the thermodynamic correction, however, interpolated EoS with HK models incorporating a vector interaction are stiffer than their PS2 counterparts. The speed of sound is enhanced in the transition region for both PS2 and HK models. However, it is not as significant for the PS2 models. The EoS used in plotting the curves in Fig. 9 remain causal and most interpolated EoS examined in the tables also remain causal. However, there were a few exceptions. Those that did not meet the stability and causality requirements are indicated by asterisks ( * ) in Tables III and IV . In plot (d) of Fig. 9 , the speed of sound becomes imaginary for HK models with G V = G S /2 and G V = G S , once again indicating an unstable EoS .
If an interpolated EoS was found to be unstable or to violate causality, that does not mean an interpolation between those particular hadronic and quark models is not possible in general. It simply means it is not possible to construct a consistent EoS in our current interpolation scheme. Equations of state that do not meet our requirements of stability and causality with the chosen interpolation scheme are simply discarded. More detailed investigations on the dependence of the interpolation scheme are beyond the scope of this paper and are left for future work. 
C. Hybrid stars
Interpolated EoS which satisfied the two constraints were used as input to the TOV equations [81] . The resulting mass-radius (M -R) relations for several interpolations, with and without the thermodynamic correction, are shown in Fig. 10 . All curves shown in Fig. 10 use the "Standard" or baseline scenario of the HF-QMC model, so all variations are a result of changes in the quark model and the thermodynamic correction ∆P . Without ∆P , interpolations with PS2 models are shown to produce massive hybrid stars, compatible with the observations of Demorest et al. [30] and Antoniadis et al. [31] , even in the absence of a vector interaction. However, for HK models only when g V = G S is a sufficiently massive hybrid star, compatible with observations, actually produced. The only difference between these interpolated EoS is the quark model. The prediction of more massive hybrid stars is a result of the stiffer PS2 quark EoS at low and intermediate density. The softer HK models predict radii about 0.5 km smaller than PS2 models, but for both models increasing the vector coupling increases the radius only slightly.
Including ∆P has a significant impact on the M -R relationships for all models. Considering the interpolated EoS with the PS2 quark models, those with G V = 0 and g V = G V = G S /2 predict smaller maximum masses, whereas the g V = G V = G S models produce more massive hybrid stars. In the absence of a vector interaction the interpolated EoS with the PS2 model no longer satisfies the constraints set by the observations of massive stars. More noticeable, however, is the separation of curves in terms of radii. The softening at the start of the transition region coming from the correction ∆P significantly reduces the radius, particularly for G V = 0. The other cases also yield smaller radii than when ∆P is ignored. As for the interpolated EoS utilising the HK models, the maximum masses are considerably larger and the radii are bigger because ∆P is always positive and larger in magnitude. The model with G V = 0 still does not meet the astrophysical constraints. A summary of maximum mass configurations is presented in Table III . To show the dependence of the interpolated EoS on the hadronic EoS we also included interpolations between the overly stiff variation of the HF-QMC model, where the cut-off used in the Fock terms is increased from Λ = 0.9 GeV to Λ = 1.3 GeV. From this table, it can be inferred that while the properties of the maximum mass configurations of hybrid stars are affected by the hadronic model, they are much more sensitive to the quark model. Table IV summarises hybrid star properties under variation of the transition region,ρ ∈ {3ρ 0 , 4ρ 0 , 5ρ 0 }. As would naively be expected, pushing the centre of the transition region to higher density tends to produce a less stiff EoS for the majority of the interpolations which naturally translates to smaller maximum masses for hybrid stars. On delaying the transition to higher densities, it was found to be more difficult to construct a consistent EoS between the chosen hadronic and quark models. This was conspicuously evident for the HK models, partly owning to the greater separation in the -ρ plane of the hadronic and quark model curves, leading to a larger thermodynamic correction ∆P .
VI. SUMMARY
We began by introducing the Hartree-Fock QMC and NJL models. The particle content and EoS of hadronic and quark matter were presented in Secs. III and IV, respectively. The numerical results of our hadronic calculation were presented in detail in Ref. [32] , so we place greater emphasis on the quark matter results and the construction of a crossover EoS.
The results of the proper time regularised NJL model developed in this work were compared to the three momentum regularised NJL model with t' Hooft determi- TABLE IV . Hybrid star properties in the percolation picture under variation ofρ ∈ {3ρ0, 4ρ0, 5ρ0}. The "Standard" or baseline scenario is used for the hadronic model and the flavour dependent vector interaction is used in each of the quark models. An asterisk ( * ) indicates that a consistent EoS could not be constructed between that variation of hadronic and quark models with the chosen interpolation method. Tabulated hybrid star properties are maximum stellar mass, stellar radius and corresponding central density.
nant term. The proper time NJL parameter set PS2 was preferred for modelling high density matter over PS1, because of the behaviour of the constituent quark mass as a function of chemical potential. For quark matter in beta equilibrium, the PS2 model produced overall qualitatively similar results to the HK model, despite the different behaviour of the quark masses. However, the PS2 model produced slightly higher pressure, particularly at low density, as compared with the HK model. Following this we discussed phase transitions from hadronic matter to quark matter, with emphasis on the conventional first order treatments via the Maxwell and Gibbs constructions. How they are implemented, their properties and their shortcomings were highlighted. We then discussed modeling the transition as a smooth crossover, a possibility which has recently been given much consideration in the literature [23, [25] [26] [27] [28] [29] . Motivation for such a transition was discussed and one method for implementing this kind of transition was presented. The numerical results for the faux crossover construction between the HF-QMC and NJL models developed in earlier sections were then presented and discussed.
The interpolation transitions for the "Standard" and the "Λ = 1.3 GeV" hadronic matter EoS scenarios from Sec. II were shown. It was concluded that the hadronic model has only a small effect on the maximum neutron star mass and it is mostly dependent on the quark model.
The effect of this interpolation method on the EoS of dense matter is shown in Fig. 8 . At low and high density it can be seen to approach the assumed asymptotic limits, i.e. the hadronic and quark EoS, but in the intermediate region the pressure can be somewhat weakened or enhanced depending on ∆P . It produces a decrease in the pressure at the beginning of the transition region and an increase towards the end for PS2 models and the opposite behaviour for HK models. This clearly comes from the density dependence of the difference between the energy densities of the two EoS (see Eq. (5.5)) and is therefore dependent on the two EoS between which we are interpolating. Moreover, it suggests that the pressure in the transition region can potentially be outside the limits set by the hadronic and quark EoS and may possibly have inflection points leading to an instability or violation of causality.
The main conclusion of this work is that the observations of large neutron stars can certainly be explained within such a construction using the HF-QMC and NJL models, provided the quark model is sufficiently stiff and the transition occurs at low density,ρ ∼ 3ρ 0 . This is in agreement with other recent works using similar and alternative methods to phenomenologically implement a faux crossover between point-like hadronic and quark models.
Another important conclusion is that the correction ∆P (Eq. (5.5)) has a considerable influence on the interpolated EoS. As it arises from calculating the pressure from the phenomenologically interpolated energy density, its meaning is somewhat ambiguous. It is required for thermodynamic consistency, but on one hand it may merely be an artefact of the chosen interpolation scheme. On the other hand, it could be associated with non-perturbative physical effects in the transition region. More in depth work is certainly needed to understand the validity and importance of this term and the overall dependence on the interpolation scheme. Further insight can only come from more detailed analysis of QCD thermodynamics above 2ρ 0 . Future heavy ion collision experiments probing this region will certainly play an important role.
It must be stressed that the hybrid EoS developed here hinge on the assumption that the deconfinement transition is a crossover and that we can smoothly interpolate between hadronic and quark models, essentially parametrising our ignorance of the intermediate transition region. Determining whether it is indeed a crossover or not may be possible with upcoming heavy ion collision experiments probing even higher densities and greater asymmetries. If this were found to be a valid assumption, it would offer a possible resolution to the problem of exotic degrees of freedom and massive compact stars, although, more work would be needed to understand the interpolation dependence and the physical meaning behind corrections such as ∆P .
